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Abstract
We study the renormalizable quantum gravity formulated as a per-
turbed theory from conformal field theory (CFT) on the basis of con-
formal gravity in four dimensions. The conformal mode in the met-
ric field is managed non-perturbatively without introducing its own
coupling constant so that conformal symmetry becomes exact quan-
tum mechanically as a part of diffeomorphism invariance. The trace-
less tensor mode is handled in the perturbation with a dimensionless
coupling constant indicating asymptotic freedom, which measures a
degree of deviation from CFT. Higher order renormalization is car-
ried out using dimensional regularization, in which the Wess-Zumino
integrability condition is applied to reduce indefiniteness existing in
higher-derivative actions. The effective action of quantum gravity im-
proved by renormalization group is obtained. We then make clear
that conformal anomalies are indispensable quantities to preserve dif-
feomorphism invariance. Anomalous scaling dimensions of the cos-
mological constant and the Planck mass are calculated. The effective
cosmological constant is obtained in the large number limit of matter
fields.
1E-mail address: hamada@post.kek.jp
1 Introduction
At very high energies beyond the Planck scale, the space-time would be
totally fluctuating quantum mechanically so that geometry loses its classical
meanings [1, 2, 3]. However, if we apply the Einstein gravity for the Planck
scale phenomena, we will encounter fatal difficulties, such as the black hole
singularity and divergences in the canonical quantization procedure. His-
torically, there are many works tackled the divergence problem introducing
four-derivative terms in the action of gravity [4, 5, 6, 7, 8, 9, 10, 11], be-
cause the gravitational coupling constant becomes dimensionless, and at the
same time we can avoid the unbounded problem of the action. Neverthe-
less, any attempt in a fully perturbative approach has not been succeeded.
So, most researchers in this field feel the necessity of quantizing gravity in a
non-perturbative manner.
Conformal field theory (CFT) is a reliable candidate for such a non-
perturbative quantum field theory. Conformal invariance seems to be crucial
to formulate quantum theory of gravity free from such difficulties, because
in the early stage of the universe beyond the Planck scale, a scale-invariant
space-time would be realized as a part of quantum diffeomorphism invari-
ance, so called background metric independence. Cosmologically, it seems
to be natural to consider that a scale invariance of the primordial fluctua-
tions originates from the conformal symmetry. The renormalizable quantum
theory of gravity we are going to discuss is that formulated as a perturbed
theory from such CFT, as in Fig.1.
To define the action, we employ four-derivative conformally invariant
quantities in addition to the ordinary lower-derivative actions. It is widely
believed that the Weyl tensor denoted by Cµνλσ plays a significant role in the
early universe where it would vanish as required for the inflation. Since the
Weyl tensor includes the Riemann-Christoffel curvature tensor, the vanishing
of this tensor means that the singular configuration such as a black hole is
excluded. So, we consider the perturbation about the vanishing Weyl tensor
introducing a dimensionless coupling constant, t, that will be justified by the
1
Our model = CFT + perturbations by a single coupling constant
Early models = Free + perturbations by two coupling constants
Figure 1: Our model is formulated as a perturbed theory from CFT by a single
coupling constant t, while the early models in the 1970-80s were formulated as a
perturbed theory from free fields of both the conformal mode and the traceless
tensor mode by introducing the coupling constant each.
asymptotically free behavior.
Thus the renormalizable quantum gravity is defined by the following di-
mensionless action [12, 13, 14]:
I =
∫
d4x
√−g
{
− 1
t2
C2µνλσ − bG4 +
1
h¯
(
1
16πG
R− Λ + LM
)}
. (1.1)
The quantization is carried out by the path integral over the metric field with
the weight eiI . Here, we write the Newton constant as G, and the cosmo-
logical constant as Λ. The Lagrangian for a matter field action is denoted
by LM. The Euler density G4 is another conformally invariant combination
defined by
G4 = R
2
µνλσ − 4R2µν +R2. (1.2)
The constant b is introduced to renormalize divergences proportional to this
term, which is not an independent coupling constant because it does not have
a kinetic term.
There is no R2 term in the action, which is commonly introduced as the
kinetic term of the conformal mode in the metric field.2 It is because the
type of divergences is restricted by the Wess-Zumino integrability condition
[15] for conformal anomaly [16, 17, 18]. Although most of diffeomorphism
2Thus, this model is free from the problem in the early days [10] that the R2 action
with right sign for the positivity does not show the asymptotic freedom.
2
invariant counterterms pass this condition, the R2 counterterm is forbidden
in four dimensions. This condition is expressed as non-renormalization of the
conformal mode. In the following sections, we will see that the condition is
indeed preserved at higher orders using dimensional regularization.
The constant h¯ is the Planck constant, which does not appear in front of
the four-derivative gravitational actions because, contrary to matter fields,
gravitational fields are exactly dimensionless and thus these actions in four
dimensions are dimensionless. This implies that the four-derivative gravita-
tional actions describe purely quantum states, and have no classical mean-
ings.
In order to define the perturbation theory in t about a conformally flat
configuration satisfying Cµνλσ = 0, the metric field is decomposed into the
conformal mode φ, the traceless tensor mode hµν , and the background metric
gˆµν . The traceless tensor mode is handled in perturbation, while the confor-
mal mode is treated exactly without introducing its own coupling constant
as
gµν = e
2φg¯µν (1.3)
and
g¯µν = (gˆe
th)µν = gˆµλ
(
δλν + th
λ
ν +
t2
2
(h2)λν + · · ·
)
, (1.4)
where tr(h) = hλλ = 0. The contraction of the indices of h
µ
ν is done by using
the background metric. In the following, gravitational quantities with hat
and bar on them are defined in terms of the metric gˆµν and g¯µν , respectively.
Diffeomorphism invariance is defined by the transformation δξgµν = gµλ∇νξλ+
gνλ∇µξλ. Under the decompositions of (1.3) and (1.4), each mode of the met-
ric field transforms independently as
δξhµν =
1
t
(
∇ˆµξν + ∇ˆνξµ − 1
2
gˆµν∇ˆλξλ
)
+ ξλ∇ˆλhµν
+
1
2
hµλ
(
∇ˆνξλ − ∇ˆλξν
)
+
1
2
hνλ
(
∇ˆµξλ − ∇ˆλξµ
)
+ o(th2),
δξφ = ξ
λ∇ˆλφ+ 1
4
∇ˆλξλ, (1.5)
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where the covariant vector ξµ is defined using the background metric as ξµ =
gˆµνξ
ν .
Consider the vanishing limit of the coupling constant to discuss proper-
ties of physical states. At the limit, there are two types of diffeomorphism
symmetry: gauge invariance for the kinetic term of the Weyl action and
conformal invariance we emphasize here [13]. The former is described by
introducing the gauge parameter κµ = ξµ/t and taking the limit t→ 0 with
leaving κµ finite. From the transformation (1.5), the diffeomorphism is then
expressed as δκhµν = ∇ˆµκν + ∇ˆνκµ − gˆµν∇ˆλκλ/2, while other fields do not
transform under the limit such as δκφ = 0, because their transformations
become of order of t in the expansion using κµ.
The conformal invariance is now given by the diffeomorphism symmetry
with a gauge parameter ξµ = ζµ satisfying the conformal Killing equation
∇ˆµζν + ∇ˆνζµ − 1
2
gˆµν∇ˆλζλ = 0. (1.6)
Since the lowest term of the transformation of hµν (1.5) vanishes in this case,
the second term becomes effective such that the kinetic term of the Weyl
action becomes invariant under the conformal transformation
δζhµν = ζ
λ∇ˆλhµν + 1
2
hµλ
(
∇ˆνζλ − ∇ˆλζν
)
+
1
2
hνλ
(
∇ˆµζλ − ∇ˆλζµ
)
(1.7)
without taking into account self-interaction terms. The transformation laws
of other fields are also obtained in this way such as δζφ = ζ
λ∇ˆλφ+ ∇ˆλζλ/4.
The dynamics of the traceless tensor mode is governed by the Weyl ac-
tion, while that of the conformal mode is induced from the path integral mea-
sure as in the case of two dimensional quantum gravity [19, 20, 21, 22, 23].
We change the path integral measures from the diffeomorphism invariant
measures to the practical measures defined on the background. In order to
preserve diffeomorphism invariance, the Wess-Zumino action S related to
conformal anomalies is necessary as the Jacobian, and the partition function
is expressed as
Z =
∫
[dφdh · · ·]gˆ
Vol(diff.)
exp {iS(φ, g¯) + iI} . (1.8)
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The induced action S contains the kinetic term of the conformal mode. At
the vanishing limit of the coupling constant, S is given by the Riegert action
[24]
− b1
(4π)2
∫
d4x
√
−gˆ
{
2φ∆ˆ4φ+
(
Gˆ4 − 2
3
∇ˆ2Rˆ
)
φ
}
, (1.9)
where
√−g∆4 is a confromally invariant fourth-order operator defined later.
The coefficient b1 is a constant with correct sign of b1 > 0.
The Riegert action is a four-dimensional counter quantity of the so-called
Liouville-Polyakov action in two dimensions [19], related to the conformal
anomaly proportional to the Euler density. This conformal anomaly, against
its name, plays an essential role to make the conformal symmetry exact
quantum mechanically at the vanishing coupling limit [25, 26, 27, 28, 29,
30, 13]. By solving the conformal invariance condition, as a generalization
of the Virasoro condition in two dimensions, we can obtain diffeomorphism
invariant physical states [29, 30, 13].3
There also exist ordinary coupling-dependent conformal anomalies follow-
ing the dynamical mass scale that breaks conformal invariance [16, 17, 18],
which play a significant role when we consider the transition from quantum
space-time to our real world. In any case, all conformal anomalies arise to
preserve diffeomorphism invariance.
2 Dimensional Regularization
Among various regularization schemes to extract UV divergences, we use
dimensional regularization [31, 2] because it is a systematic and manifestly
diffeomorphism invariant method to compute higher order corrections. In
this section, we give the definition of renormalizable quantum gravity in this
regularization scheme [12].
3It has been shown that the conformal transformations of hµν and φ are generated
by the Weyl and Riegert (not R2) actions, respectively, and then the negative-metric
modes are indeed necessary to form the closed algebra of conformal symmetry quantum
mechanically [13].
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In dimensional regularization, the results are independent of how the path
integral measure is chosen. It is an advantage of this regularization scheme.
Namely, in exactly four dimensional scheme such as the DeWitt-Schwinger
method has to evaluate the divergent quantity δ(4)(0) = 〈x′|x〉|x′→x that is
a contribution from the measure, while in dimensional regularization such a
quantity vanishes exactly as δ(D)(0) =
∫
dDk = 0. The measure contribution
is, instead, included between D and 4 dimensions, which remains as a finite
quantity when the four-dimensional limit is taken after the UV divergence is
removed. Therefore, renormalization has to be carried out with care to the
conformal-mode dependence in D dimensions.
2.1 D-dimensional actions
First of all, we summarize the D-dimensional quantities used in dimen-
sional regularization. How to settle the problem of indefiniteness arising
when we generalize the action (1.1) to arbitrary dimensions will be discussed
in the following subsection.
We consider quantum theory of gravity coupled to QED with nF fermions
as was discussed in [12], because QED is the simplest prototype of gauge field
theories we meet in practice. The renormalizable D-dimensional action near
four dimensions is given by
I =
∫
dDx
√
g
{
1
t2
C2µνλσ + bGD +
1
4
F 2µν +
nF∑
j=1
iψ¯jD/ψj − M
2
P
2
R + Λ
}
, (2.1)
where MP = 1/
√
8πG is the reduced Planck mass and h¯ is taken to be unity.
We work in the Euclidean space obtained by the Wick rotation on the flat
background to evaluate the Feynman integrals.
The first term is the square of the D-dimensional Weyl tensor given by
C2µνλσ = RµνλσR
µνλσ − 4
D − 2RµνR
µν +
2
(D − 1)(D − 2)R
2. (2.2)
The second term is the D-dimensional generalization of the Euler density
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defined by
GD = G4 +
(D − 3)2(D − 4)
(D − 1)2(D − 2)R
2, (2.3)
where G4 is the combination (1.2) used in four dimensions.
The Dirac operator is defined by D/ = eµαγαDµ, where e
α
µ is the vierbein
field in D dimensions satisfying the relations e αµ eνα = gµν and eµαe
µ
β = δαβ ,
and the Dirac’s gamma matrix is normalized to be {γα, γβ} = −2δαβ. The
covariant derivative for fermions is defined by Dµ = ∂µ +
1
2
ωµαβΣ
αβ + ieAµ,
where the connection 1-form and the Lorentz generator are defined by ωµαβ =
eνα(∂µeνβ − Γλµνeλβ) and Σαβ = −14 [γα, γβ], respectively.
Renormalization can be carried out by replacing the bare quantities in the
action I with the renormalized quantities multiplied by the renormalization
factors. To make the model finite, we need the following renormalization
factors:
Aµ = Z
1/2
3 A
r
µ, ψj = Z
1/2
2 ψ
r
j , hµν = Z
1/2
h h
r
µν (2.4)
for field variables and
e = Zeer, t = Zttr (2.5)
for the coupling constants of QED and the traceless tensor field. The Ward-
Takahashi identity holds even if QED couples with quantized gravity so that
Ze = Z
−1/2
3 is satisfied.
The most remarkable property of this model is that the renormalization
factor for the conformal mode is unity:
Zφ = 1. (2.6)
This comes from the fact that we treat the conformal mode exactly with-
out introducing its own coupling constant. Hence, the verification of this
equation can be used as a consistency check of renormalizablity at higher
orders.
In dimensional regularization, the UV divergences arise as negative pow-
ers of D − 4, and thus the renormalization factor is expanded as
Z3 = 1 +
x1
D − 4 +
x2
(D − 4)2 + · · · , (2.7)
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where the residues xn are given by functions of the renormalized coupling
constants, er and tr.
The UV divergences related to the GD term are renormalized by writing
b as
b =
1
(4π)2
∞∑
n=1
bn
(D − 4)n , (2.8)
because the lowest (tree) part, b0
√
gGD, does not contain the kinetic term
for gravitational fields, so that it is not relevant dynamically. Thus, b is not
an independent coupling constant. The constant b0 is taken to be vanishing
and the residues of bn (n ≥ 1) are given by functions of the renormalized
couplings.
2.2 The Wess-Zumino integrability condition
In order to obtain the D-dimensional gravitational action defined above,
we applied the Wess-Zumino integrability condition [15] for conformal anoma-
lies [32, 24], by generalizing the condition to D dimensions, as discussed
below.
Consider a generic local-form of conformal anomaly given by the Weyl
transformation of the effective action as
δωΓ =
∫
dDx
√
g ω
{
η1R
2
µνλσ + η2R
2
µν + η3R
2 + η4∇2R +m1R +m2
}
, (2.9)
where the Weyl transformation is defined by δωgµν = 2ωgµν . Since confor-
mal anomalies arise together with UV divergences, it is a possible candidate
for the counterterm to renormalize divergences, or the bare action. The
integrability condition is now defined such that two independent Weyl trans-
formations commute as
[δω1 , δω2 ]Γ = 2 [4η1 +Dη2 + 4(D − 1)η3 + (D − 4)η4]
×
∫
dDx
√
gRω[1∇2ω2] = 0, (2.10)
where the anti-symmetric product is denoted as a[µbν] = (aµbν − aνbµ)/2.
Thus, the integrability gives a constraint on the form of the fourth-order ac-
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tion, while the Einstein action and the cosmological constant term are triv-
ially integrable. This condition indicates the renormalizability of quantum
gravity such that the effective action exists.
One of the combination satisfying the integrability condition (2.10) is the
D-dimensional Weyl action (2.2). The other combinations are G4 and
MD = ∇2R− D − 4
4(D − 1)R
2. (2.11)
MD is an integrable generalization of the trivial conformal anomaly ∇2R,
which is no longer trivial in D dimensions. Here, note that in exactly four
dimensions the integrable quantities are just two of the square of the Weyl
tensor and the Euler density, apart from the trivial term with the parameter
η4, as given by (1.1) in Introduction.
We further reduce the ambiguity in theD-dimensional action by requiring
that it satisfies a property analogous to that the action of two-dimensional
quantum gravity near two dimensions has. The action of two-dimensional
quantum gravity is given by the scalar curvature. It is a unique second-order
action that is integrable even in D dimensions. The expansion of the action
about 2 dimensions is given by
∫
dDx
√
gR =
∞∑
n=0
(D − 2)n
n!
S(2)n (φ, g¯). (2.12)
Each term S(2)n has the following form:
S(2)n (φ, g¯) =
∫
dDx
√
g¯
{
φn∆¯2φ+ R¯φ
n + o(φn)
}
, (2.13)
where
√
g∆2 =
√
g(−∇2) is the second-order differential operator that be-
comes conformally invariant at D = 2, and o(φn) denotes the terms given by
the at most n-th product of the φ field. The action S
(2)
1 is the well-known
Liouville-Polyakov action in two dimensional quantum gravity [19, 20, 21,
22, 23].
We impose the condition that the similar property is satisfied for the four-
dimensional quantum gravity near four dimensions. Consider an integrable
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combination ED = G4+ηMD and the expansion of it about four dimensions.
We look for the parameter η such that the volume integral of ED has the
following expansion series:∫
dDx
√
gED =
∞∑
n=0
(D − 4)n
n!
Sn(φ, g¯), (2.14)
where each term Sn has the property
Sn(φ, g¯) =
∫
dDx
√
g¯
{
2φn∆¯4φ+ E¯4φ
n + o(φn)
}
. (2.15)
The fourth order differential operator
√
g∆4 acting on a scalar variable is
defined by
∆4 = ∇4 + 2Rµν∇µ∇ν − 2
3
R∇2 + 1
3
∇µR∇µ, (2.16)
which becomes conformally invariant at four dimensions and the quantity E4
represents the modified Euler density in four dimensions given by
E4 = G4 − 2
3
∇2R. (2.17)
This combination is defined so as to satisfy the relation
√
gE4 =
√
g¯(4∆¯4φ+
E¯4) in four dimensions, similar to the relation
√
gR =
√
g¯(2∆¯2φ+ R¯) for the
Euler density in two dimensions. Thus, the similarity between two and four
dimensional models is now apparent. The lowest action S1 is nothing but
the Riegert action given by (1.9).
This condition determines the parameter η uniquely to be−4(D−3)2/(D−
1)(D − 2). This value reduces to −2/3 in four dimensions as the modified
Euler density E4 holds. Thus, we obtain the combination ED as the D-
dimensional generalization of the modified Euler density,
ED = GD − 4(D − 3)
2
(D − 1)(D − 2)∇
2R, (2.18)
where GD is the quantity we seek, given by (2.3).
The action GD (2.3) reproduces the Hathrell’s result on conformal anoma-
lies computed at the three-loop level of order e6r in the curved space [33]. In
order to renormalize the UV divergence, he use the following counterterm
bG4 + cH
2 (2.19)
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in addition to the D-dimensional Weyl action (2.2), where H = R/(D − 1).
The gravitational action GD we found means that the two coefficients should
satisfy the relationship
c =
(D − 3)2(D − 4)
(D − 2) b. (2.20)
Expanding c in the Laurent series of D − 4 as in the case of b (2.8), it
represents the relationship among the residues,
c1 =
(D − 3)2
D − 2 b2 =
1
2
b2 + o(D − 4). (2.21)
Hathrell showed that this relationship is indeed satisfied at the order of e6r for
QED in a curved space-time. He also showed that the same relation holds in
the case of conformally coupled scalar field theory with four-point interaction
[34]. Furthermore, it was confirmed in the case of non-abelian gauge theory
by Freeman [35]. These results indicate that the combination GD is universal
independent of matter contents.
Historically, the Hathrell’s results were, at first, understood as an evidence
that the Wess-Zumino integrability condition is broken at three-loop level due
to the appearance of the residue c. The problem is now resolved and it is
shown that the universality of his results does support that there is no inde-
pendent R2 counterterm. This condition is expressed by non-renormalization
of the conformal mode (2.6), and it is indeed confirmed through the whole
computations including gravitational loop corrections.
3 Conformal Anomalies and Effective Actions
Renormalization is carried out by expanding bare quantities in terms of
renormalized quantities, and regarding terms with non-negative powers of
D − 4 as kinetic terms or vertices, and those with negative powers of D − 4
as counterterms. Here, before carrying out definite calculations of renor-
malization factors, we discuss how conformal anomalies arise in dimensional
11
regularization and show that they are indeed necessary to preserve diffeo-
morphism invariance.
We here divide conformal anomalies into two groups: coupling-dependent
and coupling-independent ones. The former is an ordinary conformal anomaly
that arises following beta functions for the dynamics of gauge field and trace-
less tensor field, which represents a violation of the conformal symmetry by
a dynamical scale. The latter appears as a coupling-independent part of the
conformal anomaly proportional to the Euler term. Contrary to the former,
it plays an important role to make conformal symmetry exact as a part of
the diffeomorphism invariance, as mentioned in Introduction.
To begin with, we consider the QED sector, which produces conformal
anomalies in the former group. Using the Laurent expansion of Z3 (4.24),
the gauge field action is expanded as
1
4
∫
dDx
√
gF 2µν
=
1
4
Z3
∫
dDxe(D−4)φF¯ rµνF¯
r
λσ g¯
µλg¯νσ
=
1
4
∫
dDx
{(
1 +
x1
D − 4 +
x2
(D − 4)2 + · · ·
)
F¯ rµνF¯
r
λσ g¯
µλg¯νσ
+
(
D − 4 + x1 + x2
D − 4 + · · ·
)
φF¯ rµνF¯
r
λσg¯
µλg¯νσ
+
1
2
(
(D − 4)2 + (D − 4)x1 + x2 + · · ·
)
φ2F¯ rµνF¯
r
λσg¯
µλg¯νσ
+ · · ·
}
, (3.1)
where F¯ rµν = ∇¯µArν − ∇¯νArµ (= ∂µArν − ∂νArµ). Expanding the bare metric
field g¯µν in terms of the renormalized coupling constant tr and the renor-
malized traceless tensor field hrµν , we obtain gravitational vertices and their
counterterms. Here, note that as mentioned before the conformal mode φ is
not renormalized so that Zφ = 1.
The first line in the Laurent expansion (3.1) yields the kinetic term and
counterterms of the gauge field as usual. Thus, the residues xn are determined
from the UV divergences proportional to the kinetic term.
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The new vertices and counterterms of the form φF¯ r2µν in the second line,
which represents the Wess-Zumino action for the conformal anomaly, are
induced by the residue x1 as a quantum effect. In general, the residue xn
induces the new vertices and counterterms of the form φnF¯ r2µν as in the third
line and below. Within the QED calculation, the residue x1 is given by
x1 =
8nF
3
e2r
(4π)2
+ 4nF
e4r
(4π)4
. (3.2)
At this order, there is a logarithmic non-local term of log(k2/µ2) as a
finite correction, where k2 (= kµkνδ
µν) is the square of momentum in the flat
background and µ is an arbitrary mass scale. The coefficient of this term is
proportional to
y1 =
8nF
3
e2r
(4π)2
+ 8nF
e4r
(4π)4
, (3.3)
corresponding to the beta function βe/er = y1/2. Here, the coefficient of the
one-loop correction is the same to that in x1, while the two-loop correction
is the twice of that.
ǫ
ǫ
Figure 2: Finite corrections to the vertex φF¯ r2µν at order e
4
r. The wavy line and
the dashed line with arrows denote the photon and the fermion propagators, re-
spectively. The solid line denotes the conformal mode and ǫ at the vertices is
(4−D)/2.
After carrying out renormalization and taking the four dimensional limit,
we obtain the following effective action in the momentum space:
ΓQED =
{
1− y1
2
log
(
k2
µ2
)
+ x1φ+ 4nF
e4r
(4π)4
φ
}
1
4
F¯ r2µν , (3.4)
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where, for simplicity, only the zero-momentum mode of φ is considered. The
first and second terms in the right-hand side are the tree part and finite
loop corrections, respectively. The third term is the induced vertex by the
residue x1, as mentioned above, while the fourth term comes from the sum of
loop corrections depicted in Fig.2, which gives the finite contribution because
the two-loop photon self-energy of QED yields at most a simple pole, which
cancels out D−4 on the vertex coming from the first term in the second line
of the Laurent expansion (3.1).
Introducing the physical momentum defined on the full metric by
p2 = k2/e2φ, (3.5)
the effective action can be written as
ΓQED =
{
1− y1
2
log
(
p2
µ2
)}
1
4
√
grF
r2
µν . (3.6)
In this way, we can demonstrate that the effective action is written in terms
of the full metric field grµν .
At higher orders, following the non-local term logn(k2/µ2), the Wess-
Zumino action like
√
grφ
nF r2µν is induced to make the effective action diffeo-
morphism invariant.
Similarly, the Weyl action can be expanded in terms of the renormalized
quantities using expression
1
t2
∫
dDx
√
gC2µνλσ =
1
t2
∫
dDx
√
g¯e(D−4)φC¯2µνλσ (3.7)
and the renormalization factors of Zt and Zh. In the same manner as men-
tioned above, new vertices and counterterms of the type φnC¯2µνλσ are in-
duced. Although the expression becomes more complicated, the expansion
is straightforward.
The non-local term β0 log(k
2/µ2) with β0 > 0 arises in connection with
the UV divergence of simple pole determining the beta function to be βt =
−β0t3r. The divergence also induces theWess-Zumino action for the conformal
14
anomaly of the type φC¯r2µνλσ, and thus the effective action is written as
ΓW =
{
1
t2r
− 2β0φ+ β0 log
(
k2
µ2
)}
C¯r2µνλσ
=
1
t
2
r(p)
√
grC
r2
µνλσ. (3.8)
The function t
2
r(p) is the running coupling constant obtained by collecting
the terms in the braces as
t
2
r(p) =
1
β0 log(p2/Λ
2
QG)
. (3.9)
Here, p is a physical momentum defined by (3.5) and the parameter ΛQG =
µ exp{−1/2β0t2r} is the new dynamical energy scale. The Wess-Zumino ac-
tion like
√
grφ
nCr2µνλσ also corresponds to the non-local term log
n(k2/µ2) at
higher orders. The renormalization group equation will be discussed in Sec-
tion 6.
Next, we consider the Euler term. Using the expansion of b (2.8), we
obtain the following Laurent expansion:
b
∫
dDx
√
gGD
=
1
(4π)2
∫
dDx
{(
b1
D − 4 +
b2
(D − 4)2 + · · ·
)
G¯4
+
(
b1 +
b2
D − 4 + · · ·
)(
2φ∆¯4φ+ E¯4φ+
1
18
R¯2
)
+
1
2
(
(D − 4)b1 + b2 + · · ·
)(
2φ2∆¯4φ+ E¯4φ
2 + · · ·
)
+ · · ·
}
.(3.10)
The bare metric field is further expanded in terms of the renormalized vari-
ables using the renormalization factors. The residues bn are determined by
the UV divergences proportional to G¯4. The residue b1 produces the kinetic
term of the conformal mode, or the Riegert action S1(φ, g¯r) =
∫
d4x{2φ∆¯r4φ+
E¯r4φ + R¯
2
r/18}. The third line in the expansion represents new types of the
Wess-Zumino action induced at higher orders.
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Although the residues bn are, in general, the functions of the coupling
constants, the lowest b1 includes the constant term independent of the cou-
plings. So, we separate it into the constant term and the coupling-dependent
term as
b1(tr, er) = b1 + b
′
1(tr, er). (3.11)
In the following, b1 represents the constant term. For n ≥ 2, there is no such
a constant term. The b1 term is necessary to realize the conformal invariance
at the vanishing limit of the coupling constant.
We first discuss the lowest part of the effective action with the coefficient
b1. The non-local part of the effective action arises as a finite loop correction
following the UV divergence proportional to b1G¯
r
4. So, we seek the effective
action that yields b1G¯
r
4 under the conformal variation of the metric field g¯
r
µν ,
which is given by
WG(g¯r) =
b1
(4π)2
∫
d4x
{
1
8
E¯r4
1
∆¯r4
E¯r4 −
1
18
R¯2r
}
. (3.12)
The first term in right-hand side is the so-called non-local Riegert action
defined on the metric field g¯rµν . Since G¯
r
4 has no two-point function, this non-
local action is determined through the three-point function of the traceless
tensor field. The R¯2r term guarantees that WG(g¯r) has no two-point function
of the traceless tensor field when expanding about the flat background.
The diffeomorphism invariant effective action is given by the combination
of the induced Wess-Zumino action b1S1 and the non-local loop correction
WG as
b1
(4π)2
S1(φ, g¯r) +WG(g¯r) =
b1
8(4π)2
∫
d4x
√
grE
r
4
1
∆r4
Er4 . (3.13)
Thus, the R¯2r terms cancel out and we obtain the non-local Riegert action
written in terms of the renormalized full metric, which is a four-dimensional
counter action of the scale-invariant non-local action of Polyakov in two di-
mensional quantum gravity.
The conformal anomalies with the coupling-dependent coefficients, b′1 and
bn (n ≥ 2), lead to a violation of conformal symmetry by the dynamical mass
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scale as discussed in the QED and Weyl sectors. We here consider higher
order corrections to the coefficient b1 in front of the kinetic term LS1 = 2φ∆¯
r
4φ
by taking the coupling-dependent coefficient of b1(tr) = b1(1 − a1t2r + · · ·).
Replacing the coupling constant tr with the running coupling constant (3.9),
we obtain the following effective action in the momentum space:
ΓR =
b1
(4π)2
(
1− a1t2r(p) + · · ·
)
LS1(φ, g¯r)
=
b1
(4π)2
{
1− a1
[
t2r + 2β0t
4
rφ− β0t4r log
(
k2
µ2
)
+ · · ·
]
+ · · ·
}
LS1(φ, g¯r).
(3.14)
This expression indicates that the φ2∆¯r4φ term and corresponding non-local
term with logarithm arise at the order of t4r, and therefore the coefficient b2
arises at this order. Thus, it is understood that the interaction φn∆¯r4φ (n ≥ 2)
is also induced to guarantee diffeomorphism invariance such that the effective
action can be written in terms of the running coupling constant at higher
orders.
The dynamical scale parameter ΛQG in the running coupling constant
(3.9) represents the energy scale where the correlation length becomes short-
range and thus the conformal invariance breaks down turning to the classical
Einstein phase. If we set the ordering of two mass scales as mpl ≫ ΛQG (≃
1017GeV), where mpl = 1/
√
G (≃ 1019GeV), we obtain an inflationary sce-
nario with a sufficient number of e-foldings driven by quantum gravity effects
[36, 37, 38, 39].
4 Residues of Renormalization Factors
In the previous section, we have seen that the new vertices and countert-
erms related to conformal anomalies are induced to preserve diffeomorphism
invariance. Taking into account these terms, we can compute residues of
renormalization factors and the beta functions including gravitational loop
corrections order by order of the coupling constants. We here summarize the
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procedure of calculations and various results for these quantities [12]. We
then demonstrate that the conformal mode is indeed not renormalized such
that the renormalization factor of this mode is unity.
4.1 Gauge-fixing of the Weyl action
We first carry out the gauge-fixing of the traceless tensor field to obtain
the propagator. The kinetic term of the Weyl action is given by
1
t2
∫
dDx
√
gC2µνλσ
=
∫
dDx
{
D − 3
D − 2
(
hµν∂
4hµν + 2χµ∂
2χµ
)
− D − 3
D − 1χµ∂µ∂νχν
}
, (4.1)
where χµ = ∂λhλµ and d’Alembertian on the flat background is denoted by
∂2 = ∂λ∂λ. Here and below, the same lower space-time indices represent the
contraction by the flat Euclidean metric δµν .
Following the standard procedure of the BRST gauge-fixing [40], we in-
troduce the gauge-fixing term and the ghost action for the traceless tensor
field and the U(1) gauge field as well,
IGF+FP =
∫
dDxδB
{
c˜µNµν
(
χν − ζ
2
Bν
)
+ c˜
(
∂µAµ − α
2
B
)}
, (4.2)
where c˜µ and c˜ are the anti-ghosts and Bµ and B are the subsidiary fields.
δB denotes the BRST transformation. Nµν is a symmetric second-order dif-
ferential operator. Here, it is defined as
Nµν =
2(D − 3)
D − 2
(
−2∂2δµν + D − 2
D − 1∂µ∂ν
)
. (4.3)
The BRST transformations for the traceless tensor field and the gauge
field are obtained by replacing the gauge parameter of the diffeomorphism
ξµ/t with the ghost cµ and that of the U(1) gauge transformation with the
ghost c as
δBhµν = ∂µcν + ∂νcµ − 2
D
δµν∂λcλ + tcλ∂λhµν
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+
t
2
hµλ (∂νcλ − ∂λcν) + t
2
hνλ (∂µcλ − ∂λcµ) + · · · ,
δBAµ = ∂µc + t (cλ∂λAµ + Aλ∂µcλ) . (4.4)
The BRST transformations of ghosts, anti-ghosts and subsidiary fields are
given by
δBcµ = tcλ∂λcµ,
δBc = tcλ∂λc,
δBc˜µ = Bµ, δBBµ = 0,
δBc˜ = B, δBB = 0. (4.5)
And also, the BRST transformation of the conformal mode, which does not
appear in the gauge-fixing term, is given by
δBφ = tcλ∂λφ+
t
D
∂λcλ. (4.6)
Using the BRST transformation, the gauge-fixing term and the ghost
action are expressed as
IGF+FP =
∫
dDx
{
BµNµνχν − ζ
2
BµNµνBν − c˜µNµν∂λ(δBhνλ)
+B∂µAµ − α
2
B2 − c˜∂µ(δBAµ)
}
. (4.7)
Furthermore, integrating out the subsidiary fields, we obtain the following
gauge-fixing term:4
IGF =
∫
dDx
{
1
2ζ
χµNµνχν +
1
2α
(∂µAµ)
2
}
. (4.8)
The renormalization of the gauge-fixing parameters are defined by α =
Z3αr and ζ = Zhζr such that the counterterms for these kinetic terms have
the gauge-invariant forms. We also introduce the renormalization factors for
4After integrating out the Bµ field, the determinant det
−1/2(Nµν) arises. If one use
the background field method in a curved space-time, one has to evaluate this determinant
[10].
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the ghost fields as usual. Here, the choice of αr = 1 and ζr = 1 is the so-called
Feynman gauge. In the following, we use the Feynman gauge.
In the Feynman gauge, the propagator of the traceless tensor field be-
comes
〈hrµν(k)hrλσ(−k)〉 =
D − 2
2(D − 3)
1
k4
IHµν,λσ, (4.9)
where the projection operator to the traceless mode is given by
IHµν,λσ =
1
2
(δµλδνσ + δµσδνλ)− 1
D
δµνδλσ, (4.10)
which satisfies the condition I2H = IH . The propagator of the traceless tensor
field is described by the spiral line.
4.2 Propagator and vertices in the Riegert action
The kinetic term of the conformal mode is contained in the Riegert action
induced following the UV divergence with the residue b1 as shown in (3.10),∫
dDx
b1
(4π)2
{
2φ∆¯4φ+ E¯4φ+
1
18
R¯2
}
. (4.11)
From this action we obtain the propagator of the conformal mode,
〈φ(k)φ(−k)〉 = (4π)
2
4b1
1
k4
, (4.12)
which is described by the solid line.
Expanding the the Riegert action (4.11) in the coupling constant t, we
obtain the following interactions:
L2φh =
b1
(4π)2
{
−2
3
t∂2φ∂µ∂νhµν +
1
18
t2(∂µ∂νhµν)
2
}
,
L3φφh =
2b1
(4π)2
t
{
2∂µφ∂ν∂
2φ+
4
3
∂µ∂λφ∂ν∂λφ
−2
3
∂λφ∂µ∂ν∂λφ− 2∂µ∂νφ∂2φ
}
hµν ,
L4φφhh =
2b1
(4π)2
t2
{
∂2φ∂µ∂νφhµλhνλ + ∂µ∂νφ∂λ∂σφhµνhλσ
+ terms including ∂h
}
. (4.13)
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Here, we write only the terms needed in the following computation. The
first and second terms in L2φh come from the (∇¯2R¯)φ term in E¯4φ and the
last R¯2 term, respectively. Both L3φφh and L
4
φφhh are derived from the φ∆¯4φ
term. The bare quantities, t and hµν , are further expanded in terms of the
renormalized ones to obtain the vertices and counterterms.
4.3 On UV and IR divergences
We here give various comments on the regularization. As will be known in
the following computation, the number of loops does not match with the order
of h¯ in quantum gravity. It is apparent from the fact that the Riegert action
as the kinetic term of the conformal mode is induced by a loop effect. In
general, it is because four-derivative gravitational actions are dimensionless
quantities of the vanishing order of h¯ as mentioned in Introduction.
The lower-derivative gravitational actions such as the Einstein action and
the cosmological constant term cannot be regarded as ordinary mass terms,
because the conformal mode is now treated exactly without introducing its
own coupling constant and thus these actions become diffeomorphism invari-
ant in the form with exponential factors of the conformal mode even at the
vanishing coupling limit, contrary to the induced Wess-Zumino actions ex-
panded in polynomials of the conformal mode order by order of the coupling
constants.
Therefore, in order to treat infrared (IR) divergences, we introduce a small
fictitious mass z to the gravitational field like a photon mass, namely we
replace the momentum dependence of the propagator 1/k4 with 1/(k2+z2)2.
The IR divergence then arises in the form of either log z2 or negative power
of z2. Since such a mass term is not gauge invariant, the IR divergence finally
cancels out.
Here, we summarize the quantities used in the following calculations:
D = 4− 2ǫ, tr = t˜rµǫ, er = e˜rµǫ, b = b˜µ−2ǫ (4.14)
where µ is an arbitrary mass scale and t˜r, e˜r and b˜ are dimensionless quanti-
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ties. In the real space, the conformal mode that appears in the exponential
factor has to be dimensionless even in D dimensions, while the traceless
tensor field has the dimension µ−ǫ.
4.4 Non-renormalization theorem for the conformal mode
To begin with, we give the results for the residues bn. Evaluating the UV
divergences proportional to G¯4, the residues have been computed as
b˜1 =
11nF
360
+
40
9
, b˜′1 = −
n2F
6
e˜4r
(4π)4
+ o(t˜2r),
b˜2 =
2n3F
9
e˜6r
(4π)6
+ o(t˜4r). (4.15)
The coupling-independent part of the residue of simple pole, b1, is given
by the sum of one-loop contributions from three sectors of QED [18], the
conformal mode [26] and the traceless tensor mode [10].5 The coupling-
dependent residues of simple and double poles, b′1 and b2, are two-loop and
three-loop contributions from the QED sector, respectively, computed by
Hathrell [33].
b1tr b1tr
(a)
b1t
2
r
(b)
Figure 3: The t2r order corrections to the conformal mode.
Now, we demonstrate Zφ = 1 in definite calculations. We first consider
the two-point function of the conformal mode at the order of t2r depicted in
5In general, b˜1 = (NX +11ND+62NA)/360+769/180, where NX , ND and NA are the
numbers of conformally-coupled scalar fields, Dirac fermions and gauge fields.
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Fig.3. From the vertex L3φφh in (4.13), the Feynman diagram (a) in Fig.3
gives the contribution6
∫ dDk
(2π)D
φ(k)φ(−k)
{
−b1
6
t2r
(4π)2
D − 2
2(D − 3)
∫ dDl
(2π)D
1
(l2 + z2)2{(l + k)2 + z2}2
×
[
6(l2k6 + l6k2) + 24l4k4 − 16(l · k)(l2k4 + l4k2)− 20(l · k)2l2k2
−2(l · k)2(l4 + k4) + 8(l · k)3(l2 + k2) + 8(l · k)4
+
4−D
3D
(
−36l4k4 + 24(l · k)(l2k4 + l4k2) + 40(l · k)2l2k2
−4(l · k)2(l4 + k4)− 16(l · k)3(l2 + k2)− 16(l · k)4
)]}
. (4.16)
Carrying out the integral of the momentum l under z ≪ 1, the inside of the
braces { } is calculated as
2b1
(4π)2
k4
[
−3 t˜
2
r
(4π)2
(
1
ǫ¯
− log z
2
µ2
+
7
6
)]
, (4.17)
where 1/ǫ¯ = 1/ǫ−γ+log 4π. The non-local term log(k2/µ2) does not appear,
which cancels out.
The tadpole diagram (b) in Fig.3 comes from the vertex L4φφhh in (4.13).
Since the vertices including a derivative of the hµν field give a vanishing
contribution for such a tadpole diagram, only the two terms shown in L4φφhh
give contributions, which are collected to be
2b1
(4π)2
k4
[
3
t˜2r
(4π)2
(
1
ǫ¯
− log z
2
µ2
+
7
12
)]
. (4.18)
Combining the contributions (4.17) and (4.18), we can see that the UV
divergences as well as the IR divergences indeed cancel out. In this way, we
can show that Zφ = 1 holds at the order of t
2
r. Here, we remark that the
sum of the finite terms gives a positive contribution to the coefficient a1 in
the effective action (3.14).
6Although we here introduce the fictitious mass both for the conformal mode and the
traceless tensor mode, the result is not changed even if we introduce the mass only for the
traceless tensor mode.
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Figure 4: The e4r order corrections to the conformal mode.
Next, we show that the condition Zφ = 1 indeed holds up to the order
of e6r . The loop corrections to the conformal mode at the order of e
2
r are
trivially finite. The corrections at the order of e4r are depicted in Fig.4. Here,
the diagram written by a circle with “e4r” inside denotes two-loop diagrams
for the ordinary photon self-energy. In the following, for simplicity, diagrams
including counterterms inside to subtract UV divergences of subdiagrams
are suppressed. At the order of e4r, there is no counterterm to subtract the
overall UV divergence, because the residue of the double pole b2 arises at
the order of e6r so that the corresponding counterterm to subtract the overall
simple pole divergence appears at the order of e6r, as seen from the Laurent
expansion (3.10). The sum of the diagrams in Fig.4 indeed becomes finite as
required.
In the same way, we can demonstrate Zφ = 1 at the order of e
6
r using the
Hathrell’s results. This result is a consequence of the combination GD (2.3)
obtained in Section 2, resulting in the relation (2.21) found by him at the
three-loop order.
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4.5 The beta functions
The renormalization factor of the coupling constant tr has been calculated
as
Zt = 1−
(
nF
80
+
5
3
)
t˜2r
(4π)2
1
ǫ
− 7nF
288
e˜2r t˜
2
r
(4π)4
1
ǫ
+ o(t˜4r). (4.19)
The terms of order of t2r is the sum of one-loop contributions from QED [18]
and quantum gravity [10, 26] sectors, while the contribution of order of t2re
2
r
comes from two-loop diagrams with no internal line of gravitational fields
[41].
The beta function of the coupling constant tr is defined by
βt = µ
d
dµ
t˜r. (4.20)
The bare quantity defined in the original action should be independent of an
arbitrary mass scale µ. This condition yields the equation
0 = µ
d
dµ
t = µ
d
dµ
(Ztt˜rµ
ǫ), (4.21)
and thus the beta function can be written as
βt = −ǫt˜r − t˜r µ
Zt
dZt
dµ
. (4.22)
Noting that the lowest term of the beta function is proportional to ǫ such
as µdt˜r/dµ = −ǫt˜r + · · · and also µde˜r/dµ = −ǫe˜r + · · ·, we obtain the beta
function
βt = −
(
nF
40
+
10
3
)
t3r
(4π)2
− 7nF
72
e2rt
3
r
(4π)4
+ o(t5r), (4.23)
where we take the limit ǫ → 0 after the finite quantity is obtained and
remove the tildes on the couplings. Since the beta function becomes negative,
the coupling constant for the traceless tensor field indicates the asymptotic
freedom.
The renormalization factor for the U(1) gauge field is given by
Z3 = 1− 4nF
3
e˜2r
(4π)2
1
ǫ
+
(
−2nF + 8
27
n2F
b˜1
)
e˜4r
(4π)4
1
ǫ
+
(
−8n
2
F
9
+
8
81
n3F
b˜1
)
e˜6r
(4π)6
1
ǫ2
+ o(e˜2r t˜
2
r , t˜
4
r). (4.24)
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Here, the corrections proportional to 1/b1 are the contributions from dia-
grams with an internal line of the conformal mode that arise at the order of
e4r. The results of double pole divergences that arise at the order of e
6
r are
added. There is no contribution of order of t2r , because the UV divergences
from diagrams with an internal line of the traceless tensor field cancel out at
this order.
The beta function of the QED coupling constant is defined by
βe = µ
de˜r
dµ
. (4.25)
Since the Ward-Takahashi identity Z1 = Z2 holds even if quantum gravity
is coupled, the renormalization factor of the coupling constant is given by
Ze = Z
−1/2
3 . Thus, the beta function can be written as
βe = −ǫe˜r + e˜r
2
µ
Z3
dZ3
dµ
. (4.26)
Since the bare quantity b is independent of the arbitrary mass scale µ, the
dimensionless constant defined by (4.14) satisfies the equation µdb˜−11 /dµ =
−2ǫb˜−11 . We here regard the constant b˜1 as an arbitrary constant when we
compute the beta function. After a finite expression is obtained, we sub-
stitute the definite value. This treatment is consistent with the result of
Z3 (4.24) reflected in the relations between the residues of simple poles and
double poles. In this way, we obtain the finite expression of the beta function,
βe =
4nF
3
e3r
(4π)2
+
(
4nF − 8
9
n2F
b1
)
e5r
(4π)4
+ o(e3rt
2
r). (4.27)
We here remark that the effect of quantized gravity gives a negative contri-
bution. Substituting the value of b1 (4.15), the whole of the e
5
r order term
becomes negative if nF ≥ 24.
5 Renormalization of Composite Fields
In this section, we discuss renormalization of the cosmological constant
term and the Einstein action, which are given by composite fields with ex-
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ponential factor of the conformal mode even at the vanishing limit of the
coupling constant.
5.1 Vertices in lower-derivative actions
The cosmological constant term is simply written in terms of the expo-
nential factor of the conformal mode as
IΛ = Λ
∫
dDx
√
g = Λ
∫
dDxeDφ, (5.1)
while the Einstein action has the form expanded in the coupling constant as
IEH = −M
2
P
2
∫
dDx
√
gR
= −M
2
P
2
∫
dDxe(D−2)φ
{
R¯− 2(D − 1)∇¯2φ− (D − 1)(D − 2)∇¯λφ∇¯λφ
}
=
3
2
D − 1
3
M2P
∫
dDxe(D−2)φ
{
∂2φ+
D − 2
D − 1thµν (−∂µ∂νφ+ ∂µφ∂νφ)
+
t2
2
hµλhνλ∂µ∂νφ+
t2
2
hµν∂µhνλ∂λφ− D − 3
2(D − 1)t
2hµν∂λhλµ∂νφ
+
t2
4(D − 1)∂λhµν∂λhµν −
t2
2(D − 1)∂µhµλ∂νhνλ + o(t
3)
}
. (5.2)
These terms are renormalized by redefining the bare cosmological constant
and the square of the bare Planck mass as
Λ = ZΛΛr,
D − 1
3
M2P = ZEHM
r2
P , (5.3)
respectively. Here Λr and M
r
P are the renormalized mass scales. Those with
canonical dimensions denoted by symbols with tildes are defined as
Λr = Λ˜rµ
−2ǫ, M r2P = M˜
r2
P µ
−2ǫ. (5.4)
The renormalization factors are expanded as
ZΛ = 1 +
u1
D − 4 +
u2
(D − 4)2 + · · · ,
ZEH = 1 +
v1
D − 4 +
v2
(D − 4)2 + · · · . (5.5)
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Since the conformal mode is not renormalized, the cosmological constant
is expanded using only the Laurent expansion of ZΛ in the form
IΛ = Λr
∫
dDx
{(
1 +
u1
D − 4 +
u2
(D − 4)2 + · · ·
)
e4φ
+
(
D − 4 + u1 + u2
D − 4 + · · ·
)
φe4φ
+
1
2
(
(D − 4)2 + (D − 4)u1 + u2 + · · ·
)
φ2e4φ
+ · · ·
}
. (5.6)
The Einstein action is expanded in terms of the renormalized quantities us-
ing the renormalization factor ZEH and those for the coupling constant and
traceless tensor fields as
IEH =
3
2
M r2P
∫
dDx
{(
1 +
v1
D − 4 + · · ·
)
e2φ
(
∂2φ− 2
3
trh
r
µν∂µ∂νφ
+
2
3
trh
r
µν∂µφ∂νφ+
t2r
2
hrµλh
r
νλ∂µ∂νφ+ · · ·
)
+ (D − 4 + v1 + · · ·) e2φ
(
φ∂2φ− 2
3
trφ∂µ∂νφh
r
µν
−1
9
tr∂µ∂νφh
r
µν + · · ·
)
+ · · ·
}
. (5.7)
5.2 Scaling dimension of the cosmological constant
We first consider the renormalization of the cosmological constant. In
the following, we only consider the gravitational interactions and do not
take care of the matter contents, which are represented by the constant b1.
The computation is carried out in the large b1 limit, which corresponds to
a large number limit of matter fields. Furthermore, in this section, we take
care only the UV divergences to compute anomalous dimensions, while the
IR divergence will be discussed when we compute the effective cosmological
constant in Section 6.
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(b)
· · ·︸ ︷︷ ︸
n
(c)
Figure 5: The 1/b1 and 1/b21 order corrections to the cosmological constant.
The Feynman diagrams contributing to anomalous dimensions at the first
and second orders of the expansion in 1/b1 are depicted in Fig.5. Here,
we carry out computations by expanding the exponential factor as e4φ =∑
n(4φ)
n/n!. The φ3 vertex with ǫb1 in diagram (b) is the induced vertex
from the Laurent expansion of the GD action (3.10). The renormalization
factor to subtract the UV divergences from these diagrams is given by
ZΛ = 1− 2
b˜1
1
ǫ
− 2
b˜21
1
ǫ
+
2
b˜21
1
ǫ2
+ · · · . (5.8)
The simple pole terms come from diagrams (a) and (b), respectively. The
double pole term comes from diagram (c) with separate loops, where coun-
terterm diagrams to subtract subdivergences are suppressed. Thus, we ob-
tain the residues of the renormalization factor to be u1 = 4/b˜1 + 4/b˜
2
1 and
u2 = 8/b˜
2
1.
The potentially divergent diagrams proportional to the induced vertex
of φe4φ are given at the order of 1/b21, which are depicted in Fig.6. The
first two diagrams, (a) and (b), are constructed from the induced vertices
given in the second line of the Laurent expansion (5.6). The sum of the
UV divergences from these diagrams, however, exactly cancels the simple-
pole counterterm of φe4φ induced by the residue u2. The diagram (c) also
gives a finite contribution because the UV divergence cancels that from its
associate counterterm diagram to subtract subdivergences, not depicted here.
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Figure 6: The 1/b21 order corrections to the induced φe
4φ vertex.
Thus, these diagrams do not contribute to the renormalization factor. The
UV divergences proportional to the induced vertices will be renormalized by
using the information of the residues un.
The anomalous dimension of the cosmological constant is defined by
γΛ = − µ
Λ˜r
dΛ˜r
dµ
. (5.9)
Using equation (5.4) and the fact that the bare cosmological constant satisfies
the equation dΛ/dµ = 0, we obtain
γΛ = −2ǫ+ µ
ZΛ
dZΛ
dµ
=
4
b1
+
8
b21
+ · · · (5.10)
in the large b1 expansion.
This result can be compared with the exact expression computed using
the conformal algebra. The anomalous dimension represents a response to a
scale transformation, or conformal transformation, and thus the conformal-
mode dependence of the renormalized cosmological constant is defined by
δφLΛ = (4 + γΛ)LΛ, where 4 is the canonical value. The conformal-mode
dependence obtained by solving the conformal invariance condition is given
by eγ0φ with γ0 = 2b1(1 −
√
1− 4/b1), and thus we obtain the relationship
γ0 = 4 + γΛ. Hence, the exact solution of γΛ is given by
γΛ = γ0 − 4 = 4
b1
+
8
b21
+
20
b31
+ · · · . (5.11)
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The first two terms agree with the results in (5.10).
b1tr b1tr
· · ·︸ ︷︷ ︸
n
Figure 7: The t2r order correction to the cosmological constant.
b1tr b1tr
· · ·︸ ︷︷ ︸
n
(a)
b1t
2
r
· · ·︸ ︷︷ ︸
n
(b)
b1tr
b1tr
· · ·︸ ︷︷ ︸
n
(c)
ǫb1
b1tr
b1tr
· · ·︸ ︷︷ ︸
n
(d)
Figure 8: The t2r/b1 order corrections to the cosmological constant.
Furthermore, there are corrections from the Feynman diagrams including
the interactions with the traceless tensor mode given in (4.13). The o(t2r) and
o(t2r/b1) corrections are given by the diagrams in Fig.7 and Fig.8, respectively.
The sum of these diagrams produces only the simple-pole divergence. The
corresponding part of the renormalization factor is computed as
ZΛ|t2r = −
1
6
t˜2r
(4π)2
1
ǫ
+
(
−7
2
+
1
3
− 1
2
)
1
b˜1
t˜2r
(4π)2
1
ǫ
= −
(
1
6
+
11
3
1
b˜1
)
t˜2r
(4π)2
1
ǫ
. (5.12)
Here, the first term of the o(t2r/b1) divergences in the first line comes from
the sum of the contributions from diagrams (a) and (b) in Fig.8, which is
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computed using the results given in Section 4.4, while the second and third
terms are contributions from diagrams (c) and (d), respectively.
When the Einstein action is coupled, there are loop corrections dependent
on the mass scales. They are given by diagrams (a) and (b) in Fig.9 up to
the order of t2r. The corresponding part of the renormalization factor is given
by
ZΛ|mass−dep. =
(
6
b˜21
+
1
b˜1
t˜2r
(4π)2
)
3π2M˜ r4P
2Λ˜r
1
ǫ
+ · · · . (5.13)
∑
n′
︷ ︸︸ ︷· · ·n− n
′
· · ·︸ ︷︷ ︸
n′
(a)
∑
n′
︷ ︸︸ ︷· · ·n− n
′
tr
tr
· · ·︸ ︷︷ ︸
n′
(b)
Figure 9: The M r4P /b
2
1 and M
r4
P t
2
r/b1 order corrections to the cosmological con-
stant.
Adding (5.12) and (5.13) to the renormalization factor (5.8), we obtain
the following anomalous dimension:
γΛ =
4
b1
+
8
b21
+
(
1
3
+
44
3
1
b1
)
t2r
(4π)2
−
(
6
b21
+
1
b1
t2r
(4π)2
)
3π2M r4P
Λr
+ · · · (5.14)
in the large b1 expansion.
5.3 Scaling dimension of the Planck mass
Next, we consider corrections to the Einstein action up to the order of t2r .
The Feynman diagrams that yield simple poles are depicted in Fig.10 and
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Fig.11. The renormalization factor is computed as
ZEH − 1 = − 1
2b˜1
1
ǫ
− 1
4b˜21
1
ǫ
+
(
− 1
24
− 9
8
+
2
3
− 1
12
)
t˜2r
(4π)2
1
ǫ
+ · · ·
= − 1
2b˜1
1
ǫ
− 1
4b˜21
1
ǫ
− 7
12
t˜2r
(4π)2
1
ǫ
+ · · · . (5.15)
The contributions of orders 1/b1 and 1/b
2
1 come from diagrams (a) and (b)
in Fig.10, respectively. The t2r order contributions in the first line are, from
the left, given by diagrams (a), (b), (d) and (e) in Fig.11, respectively, while
diagram (c) becomes finite.
· · ·︸ ︷︷ ︸
n
∂2
(a)
ǫb1
· · ·︸ ︷︷ ︸
n
∂2
(b)
Figure 10: The 1/b1 and 1/b21 order corrections to the Planck mass.
The anomalous dimension for the square of the Planck mass is defined by
γEH = − µ
M˜ r2P
dM˜ r2P
dµ
. (5.16)
Using the equation for the bare Planck mass dM2P/dµ = 0, we obtain
γEH = −2ǫ+ µ
ZEH
dZEH
dµ
=
1
b1
+
1
b21
+
7
6
t2r
(4π)2
+ · · · . (5.17)
Here, we compare this result with the exact expression derived from CFT,
which is given by
γEH = 2b1
(
1−
√
1− 2
b1
)
− 2 = 1
b1
+
1
b21
+
5
4b31
+ · · · . (5.18)
This agrees with (5.17) in the CFT limit of tr → 0.
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Figure 11: The t2r order corrections to the Planck mass.
6 Renormalization Group and Effective Cos-
mological Constant
We here study the renormalization group equation [42, 43, 44, 45, 46]
for the effective action, especially for the effective cosmological constant, in
which the scale parameter will be identified with the constant mode of the φ
field.
6.1 The ′t Hooft-Weinberg equation
Consider the renormalized n-point Green functions Γ(n)r of composite
fields of the conformal mode with canonical mass dimension d0, like
√
g
and
√
gR with d0 = 0 and 2, respectively. Since the conformal mode is
not renormalized such that Zφ = 1, the unrenormalized Green function Γ
(n)
is the same to the renormalized one. Therefore, the renormalization group
equation is represented as dΓ(n)/dµ = dΓ(n)r /dµ = 0. By using the chain rule
for differentiation we have(
µ
∂
∂µ
+ βt(tr)
∂
∂tr
− γΛ
(
tr,Λr,M
r2
P
)
Λr
∂
∂Λr
−γEH (tr)M r2P
∂
∂M r2P
)
Γ(n)r
(
λk, tr,Λr,M
r2
P , µ
)
= 0, (6.1)
34
where k denotes a set of external momenta on the flat background and we
introduced the dimensionless scale parameter λ. The renormalization group
quantities βt, γΛ and γEH have been defined in the previous sections. We
here suppressed the tildes on the dimensionless quantities such as t˜r as no
confusion will be occurred.
Based on naive dimension counting, we find that the Green function has
the following form:
Γ(n)r
(
λk, tr,Λr,M
r2
P
)
= µ4−nd0Ω(n)
(
λk
µ
, tr,
Λr
µ4
,
M r2P
µ2
)
, (6.2)
where Ω(n) is the dimensionless function. Taking into account the above
general form, we obtain an identity(
µ
∂
∂µ
+ λ
∂
∂λ
+ 4Λr
∂
∂Λr
+ 2M r2P
∂
∂M r2P
− 4 + nd0
)
Γ(n)r = 0. (6.3)
Combining equations (6.1) and (6.3), we obtain the following equation:
(
−λ ∂
∂λ
+ βt(tr)
∂
∂tr
−
[
4 + γΛ
(
tr,Λr,M
r2
P
)]
Λr
∂
∂Λr
− [2 + γEH (tr)]M r2P
∂
∂M r2P
+ 4− nd0
)
Γ(n)r
(
λk, tr,Λr,M
r2
P , µ
)
= 0.
(6.4)
Here, we set the scale parameter to be
λ = eσ (6.5)
and introduce the running coupling constant tr(σ) and the running mass
scales Λ(σ) and MP(σ) defined by the equations
− d
dσ
tr = βt (tr) ,
− d
dσ
Λ = −
[
4 + γΛ
(
tr,Λ,M
2
P
)]
Λ,
− d
dσ
M
2
P = − [2 + γEH (tr)]M2P. (6.6)
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If we replace tr, Λr and M
r2
P in equation (6.4) by the running coupling con-
stant tr(σ) and the running mass scales Λ(σ) andM
2
P(σ), respectively, we find
that with the help of the equations defining these quantities, this equation is
transformed into a total derivative(
− d
dσ
+ 4− nd0
)
Γ(n)r
(
eσk, tr(σ),Λ(σ),M
2
P(σ), µ
)
= 0. (6.7)
Thus, we obtain
Γ(n)r
(
eσk, tr(σ),Λ(σ),M
2
P(σ), µ
)
= Γ(n)r
(
k, tr,Λr,M
r2
P , µ
)
e(4−nd0)σ, (6.8)
where we take the conditions
tr(σ = 0) = tr, Λ(σ = 0) = Λr, MP(σ = 0) = M
r
P. (6.9)
Equation (6.8) is the general solution to the ′t Hooft-Weinberg equation (6.1).
Replacing the momentum eσk by k and rewriting equation (6.8), we ob-
tain a slightly different form as
Γ(n)r
(
k/eσ, tr,Λr,M
r2
P , µ
)
= Γ(n)r
(
k, tr(σ),Λ(σ),M
2
P(σ), µ
)
e−(4−nd0)σ.
(6.10)
This expression is convenient to study the scaling behavior of the Green
function with the momentum k/eσ. Indicated by the physical momentum
(3.5), the scale parameter σ can be identified with the constant mode of the
φ field. Thus, the large σ limit corresponds to the IR limit. Correspondingly,
the limit σ → −∞ is the UV limit.
6.2 Effective cosmological constant
As mentioned above, the dimensionless scale parameter σ can be identified
with the constant conformal mode. So, we introduce the constant background
of the conformal mode by shifting the field as φ→ φ+ σ.
Here, we consider the CFT limit of tr = 0. The large b1 limit is also taken
into account, while the ratios, Λr/b1 and M
r2
P /b1, are taken to be the order
36
of unity. In this limit, the one-loop approximation becomes valid and loop
corrections to the effective action are written by functions of these ratios.
The anomalous dimensions is then given by
γΛ =
4
b1
− 18π
2
b21
M r4P
Λr
, γEH =
1
b1
(6.11)
up to the order of 1/b1.
The effective cosmological constant is divided into three parts of tree,
induced and loop terms. The tree term is Λre
4σ. The induced term is given
by the finite term induced by the residue of the simple pole in (5.6). Since
the residue u1 is given by γΛ in (6.11), we obtain
V induced =
(
4
b1
Λr − 18π
2
b21
M r4P
)
σe4σ. (6.12)
Since the expansion in the quantum field φ corresponds to the expansion
in 1/b1, we expand the action up to the second order of the field. Rescaling
the field to be φ =
√
4π2/b1ϕ in order to normalize the kinetic term of the
conformal mode, we obtain
I|ϕ2+c.t. =
∫
dDx
{
1
2
ϕ∂4ϕ+
12π2
b1
M r2P e
2σ
(
2ϕ∂2ϕ+ ∂λϕ∂λϕ
)
+
32π2
b1
Λre
4σϕ2 − 1
ǫ¯
(
2
b1
Λr − 9π
2
b21
M r4P
)
e4σ
}
.(6.13)
Here, we add the counterterm to regularize the UV divergence. The depen-
dence on arbitrary mass scale µ is suppressed for the present, because it
can be easily recovered. The loop correction is then given by the one-loop
diagram depicted in Fig.12.
We define the differential operator D such that the action is written in
the form
∫
ϕDϕ/2. In the momentum space, it is
D = k4 − 24π
2
b1
M r2P e
2σk2 +
64π2
b1
Λre
4σ. (6.14)
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V loop =
∑
Λre
4σ
Λre
4σ
Λre
4σ
Λre
4σ
Λre
4σ
M r2P e
2σ
M r2P e
2σ
M r2P e
2σ
Figure 12: Loop diagrams for the effective cosmological constant.
The loop correction to the effective potential is then expressed as
V loop = − log
[
det
(
D−10 D
)]
−1/2
=
1
2
∫
dDk
(2π)D
log
{
1− 24π
2
b1
M r2P e
2σ 1
k2
+
64π2
b1
Λre
4σ 1
k4
}
,(6.15)
where D0 = k4 is the inverse of the propagator of the rescaled conformal mode
ϕ. Expanding the logarithmic function in series, we obtain the following
expression:
V loop =
1
2
∞∑
n=1
(−1)n−1
n
∫ dDk
(2π)D
(
64π2
b1
Λre
4σ 1
k4
− 24π
2
b1
M r2P e
2σ 1
k2
)n
=
1
2
∞∑
n=1
(−1)n−1
n
n∑
m=0
n!
(n−m)!m!A
n−m(−B)mIn;m, (6.16)
where
A =
64π2
b1
Λre
4σ, B =
24π2
b1
M r2P e
2σ (6.17)
and the momentum integral is defined by
In;m =
∫
dDk
(2π)D
1
(k2)2n−m
(6.18)
for n ≥ m.
The momentum integral has the UV divergence for 2n −m = 2 and the
IR divergence for 2n − m ≥ 2, while vanishes for 2n − m < 2. The IR
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divergences are evaluated by introducing a small fictitious mass z, namely
the square of momentum in the integrand is replaced as k2 → k2+ z2. After
carrying out the computation of the effective action, we take the vanishing
limit of the mass z.
Since the integral I1;1 vanishes at z → 0, it gives no contribution. The
integrals I1;0 and I2;2 have both the UV and IR divergences given by
I1;0 = I2;2 =
1
(4π)2
(
1
ǫ¯
− log z
2
µ2
)
. (6.19)
The integrals with 2n−m > 2 have the IR divergences as
In;m =
1
(4π)2
1
(2n−m− 1)(2n−m− 2)
(
1
z2
)2n−m−2
. (6.20)
Substituting these results into the expression (6.16) and subtracting the UV
divergences by the counterterm in (6.13), we obtain the following series:
V loop
= − A
2(4π)2
log
z2
µ2
+
B2
4(4π)2
log
z2
µ2
+
AB
4(4π)2
1
z2
− A
2
24(4π)2
1
z4
+
1
(4π)2
∞∑
n=3
n∑
m=0
n!
(n−m)!m!
(−1)n−1(−1)mAn−mBm
2n(2n−m− 1)(2n−m− 2)
(
1
z2
)2n−m−2
.
(6.21)
The sum of the infinite series is evaluated and the expression of V loop at
z → 0 is obtained in Appendix C. Adding the tree and induced terms, we
finally obtain the following effective cosmological constant:
V = Λre
4σ + V induced + V loop
= e4σ
{
Λr + 4σ
(
Λr
b1
− 9π
2
2
M r4P
b21
)
+
(
Λr
b1
− 9π
2
2
M r4P
b21
)[
3− log
(
(8π)2
µ4
Λr
b1
e4σ
)]
−6πM
r2
P
b1
√√√√Λr
b1
− 9π
2
4
M r4P
b21
arccos

3π
2
M r2P /b1√
Λr/b1

}. (6.22)
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Here, note that the σ-dependences in the braces cancel out.
Let us consider the renormalization group improvement of the effective
cosmological constant. By setting the conditions (6.9) and the anomalous
dimensions (6.11), the renormalization group equations (6.6) are solved as
Λ(σ) = e4σ
{
Λr + 4
(
Λr
b1
− 9π
2
2
M r4P
b21
)
σ + · · ·
}
,
M
2
P(σ) = M
r2
P e
2σ
(
1 +
1
b1
σ + · · ·
)
, (6.23)
and the effective cosmological constant satisfies the equation
V
(
Λ(σ),M
2
P(σ), µ
)
= e4σV
(
Λr,M
r2
P , µ
)
, (6.24)
where V in the right-hand side is a constant evaluated at σ = 0. Thus, the
effective cosmological potential can be written in terms of the running mass
scales as
V = Λ(σ) +

Λ(σ)
b1
− 9π
2
2
M
4
P(σ)
b21

{3− log
(
(8π)2
µ4
Λ(σ)
b1
)}
−6πM
2
P(σ)
b1
√√√√Λ(σ)
b1
− 9π
2
4
M
4
P(σ)
b21
arccos

3π
2
M
2
P(σ)/b1√
Λ(σ)/b1

 .(6.25)
Both of the running mass scales decrease in the UV limit of σ → −∞ due
to the exponential factor of σ.7 In the IR limit of σ →∞, the running Planck
mass monotonously increases. As for the running cosmological constant,
however, if the correction term in the solution of Λ(σ) (6.23) is negative, it
decreases even in the IR limit when this term becomes effective.
7 Conclusion
We studied the renormalizable quantum gravity formulated as a per-
turbed theory from CFT in four dimensions. The metric field was decom-
posed into the conformal mode and the traceless tensor mode, and the con-
formal mode was treated non-perturbatively without introducing its own
7Since we consider the large b1 expansion, the limit will be valid within |σ/b1| < 1.
40
coupling constant so that conformal symmetry was realized as a gauge sym-
metry, while the traceless tensor mode was handled in perturbation with the
coupling constant indicating asymptotic freedom that measures a degree of
deviation from CFT.
Dimensional regularization was used to carry out higher-order renormal-
ization, which is a manifestly diffeomorphism invariant regularization at all
orders. To determine the D-dimensional action, we applied the Wess-Zumino
integrability condition to reduce indefiniteness existing in the four-derivative
gravitational action. The renormalization was carried out by the counterterm
method introducing the renormalization factor as usual, provided that the
renormalization factor of the conformal mode is unity because of no coupling
constant for this mode.
The effective action of quantum gravity improved by renormalization
group was found. We then made clear the relationship among conformal
anomalies, conformal symmetry and diffeomorphism invariance: the con-
formal anomaly can be divided into two groups of coupling-dependent and
coupling-independent ones, and the former is ordinary conformal anomaly
that violates conformal invariance, while the latter is, against its name, re-
quired for making conformal symmetry exact at the vanishing coupling limit.
In any case, it was shown that conformal anomalies arise to guarantee dif-
feomorphism invariance quantum mechanically.
The anomalous scaling dimensions of the cosmological constant term and
the Einstein action were calculated. We found that these results agree with
those obtained by solving the physical state condition of conformal algebra
in the CFT limit.
The renormalization group equation in which the scale parameter is iden-
tified with the constant conformal-mode was derived and applied it to the
effective cosmological constant calculated in the large number limit of matter
fields. We found that there is a solution that in the IR limit the the running
Planck mass monotonously increases, while the running cosmological con-
stant decreases, although both decrease in the UV limit as the perturbation
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theory is justified.
We managed the IR divergence by introducing a small fictitious mass for
the gravitational field like a photon mass, because the lower-derivative grav-
itational action cannot be considered as a mass term due to the existence of
the exponential factor of the conformal mode. We showed that the fictitious
mass term is not gauge invariant and thus the IR divergence cancels out.
Recently, it has been demonstrated that the conformal symmetry mixes
the positive-metric and negative-metric modes, and consequently the negative-
metric mode does not appear independently as a gauge invariant state at all
[13, 29, 30]. Thus, the physical state is restricted to be a diffeomorphism in-
variant combination of these modes, classified by real fields with even number
of derivative such as the scalar curvature. The correctness of the overall sign
of the Riegert and Weyl actions, not the sign of each mode, will be significant
to make two-point correlation functions of these real fields positive.
The conformal invariance forces us change the aspect of space-time at
very short scales less than the Planck length, where there is no particle
picture propagating on the flat background. Hence, a traditional S-matrix
description is not adequate at all. The fact that there is no h¯ in the Weyl
action and the Wess-Zumino action also indicates this description. Thus, it
is expected that unphysical states are confined as a virtual quantum state
and does not appear in the classical limit h¯→ 0.
APPENDIX
A Various Formulae for Gravitational Fields
Our curvature conventions are given by Rλµσν = ∂σΓ
λ
µν + · · · and Rµν =
Rλµλν such that the commutator of the covariant derivatives satisfies
[∇µ,∇ν ]Aλ1,···λn =
n∑
i=1
R σiµνλi Aλ1,···,σi,···,λn. (A.1)
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Conformal variations in D dimensions Under theWeyl rescaling δωgµν =
2ωgµν, the scalar curvature transforms as
δω
√
gR = (D − 2)ω√gR− 2(D − 1)√g∇2ω, (A.2)
and the fourth-order gravitational quantities transform as follows:
δω
√
gRµνλσRµνλσ = (D − 4)ω√gRµνλσRµνλσ − 8√gRµν∇µ∇νω,
δω
√
gRµνRµν = (D − 4)ω√gRµνRµν − 2√gR∇2ω
−2(D − 2)√gRµν∇µ∇νω,
δω
√
gR2 = (D − 4)ω√gR2 − 4(D − 1)√gR∇2ω,
δω
√
g∇2R = (D − 4)ω√g∇2R + (D − 6)√g∇λR∇λω
−2√gR∇2ω − 2(D − 1)√g∇4ω. (A.3)
Mode expansions The metric field is decomposed into the conformal
mode φ and the traceless tensor modes hµν as gµν = e
2φg¯µν with g¯µν =
(gˆeh)µν , where we suppress the coupling constant t. The gravitational quan-
tities are then decomposed as
Γλµν = Γ¯
λ
µν + g¯
λ
µ∇¯νφ+ g¯λν∇¯µφ− g¯µν∇¯λφ,
R = e−2φ
{
R¯ − 2(D − 1)∇¯2φ− (D − 1)(D − 2)∇¯λφ∇¯λφ
}
,
Rµν = R¯µν − (D − 2)∆¯µν − g¯µν
{
∇¯2φ+ (D − 2)∇¯λφ∇¯λφ
}
,
Rλµσν = R¯
λ
µσν + g¯
λ
ν∆¯µσ − g¯λσ∆¯µν + g¯µσ∆¯λν − g¯µν∆¯λσ
+(g¯λν g¯µσ − g¯λσg¯µν)∇¯ρφ∇¯ρφ, (A.4)
where ∆¯µν = ∇¯µ∇¯νφ− ∇¯µφ∇¯νφ. The quantities with the bar are expanded
in the traceless tensor mode as
Γ¯λµν = Γˆ
λ
µν + ∇ˆ(µhλν) −
1
2
∇ˆλhµν + 1
2
∇ˆ(µ(h2)λν) −
1
4
∇ˆλ(h2)µν
−hλσ∇ˆ(µhσν) +
1
2
hλσ∇ˆσhµν + o(h3),
R¯ = Rˆ− Rˆµνhµν + ∇ˆµ∇ˆνhµν − 1
4
∇ˆλhµν∇ˆλhνµ +
1
2
Rˆσµλνh
λ
σh
µν
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+
1
2
∇ˆνhνµ∇ˆλhλµ − ∇ˆµ(hµν∇ˆλhνλ) + o(h3),
R¯µν = Rˆµν − Rˆσµλνhλσ + Rˆλ(µhν)λ + ∇ˆ(µ∇ˆλhν)λ −
1
2
∇ˆ2hµν
−1
2
hλ(µ∇ˆ2hν)λ −
1
2
∇ˆλhσµ∇ˆσhνλ −
1
4
∇ˆµhλσ∇ˆνhσλ
−1
2
∇ˆλ(hλσ∇ˆ(µhσν)) +
1
2
∇ˆλ(hσ(µ∇ˆν)hλσ) +
1
2
∇ˆλ(hλσ∇ˆσhµν) + o(h3),
(A.5)
where R¯ = g¯µνR¯µν .
B Useful Formulae for Dimensional Regular-
ization
We here summarize various formulae to evaluate the D-dimensional inte-
grals in dimensional regularization.
Fundamental integral formulae The volume integral in D dimensional
Euclidean momentum space is given by∫
dDk =
∫
kD−1dk
∫
dΩD, (k
2 = kµkµ)∫
dΩD =
∫ D−1∏
l=1
sinD−1−l θldθl =
2πD/2
Γ
(
D
2
) . (B.1)
The following integral formulae are useful:
∫
dDk
(2π)D
k2n
(k2 + L)α
=
1
(4π)D/2
Γ
(
n+ D
2
)
Γ
(
α− n− D
2
)
Γ
(
D
2
)
Γ(α)
LD/2+n−α. (B.2)
and ∫
dDk
(2π)D
kµkνf(k
2) =
1
D
δµν
∫
dDk
(2π)D
k2f(k2),
∫
dDk
(2π)D
kµkνkλkσf(k
2) =
1
D(D + 2)
(δµνδλσ + δµλδνσ + δµσδνλ)
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×
∫
dDk
(2π)D
k4f(k2). (B.3)
Here, the integral with odd number of kµ vanishes.
Feynman parameterization In order to evaluate more complicated inte-
grals that appear in self-energy diagrams and so on, the Feynman parame-
terization is often used,
1
AαBβ
=
Γ(α+ β)
Γ(α)Γ(β)
∫ 1
0
dx
(1− x)α−1xβ−1
[(1− x)A + xB]α+β . (B.4)
Applying this formula to the self-energy integral with A = k2 + z2 and
B = (k + l)2 + z2, the integral can reduce to the fundamental form (B.2) as
follows:∫ dDk
(2π)D
f(kµ, lν)
(k2 + z2)α((k + l)2 + z2)β
=
Γ(α + β)
Γ(α)Γ(β)
∫ 1
0
dx(1− x)α−1xβ−1
∫
dDk′
(2π)D
f(k′µ − xlµ, lν)
[k′2 + z2 + x(1− x)l2]α+β .
(B.5)
Extraction of UV divergences The UV divergence arises as a pole of
ǫ = (4−D)/2. To extract the pole, the following formulae are useful:
Γ(ǫ) =
1
ǫ
− γ + ǫ
2
(
γ2 +
π2
6
)
+ o(ǫ2),
aǫ = eǫ lna = 1 + ǫ ln a + o(ǫ2). (B.6)
Here, γ = 0.57721 . . . is the Euler constant and a represents the quantities
of k2 and z2, for instance.
Dirac gamma matrices The Dirac gamma matrices in D dimensions sat-
isfy the following relations:
γλγλ = −D,
γλγµγλ = (D − 2)γµ,
γλγµγνγλ = −(D − 4)γµγν + 4δµν . (B.7)
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C Evaluation of The (6.21) Series
Introducing new variables
x2 =
A
z4
, xy =
B
z2
, (C.1)
we rewrite the sum of infinite series in (6.21), which is denoted by z4f(x, y)/(4π)2
with
f(x, y) =
∞∑
n=3
n∑
m=0
n!
(n−m)!m!
(−1)n−1(−1)m
2n(2n−m− 1)(2n−m− 2)x
2n−mym. (C.2)
Consider the function given by differentiating f(x, y)/x twice with respect
to x. It can be evaluated as
h(x, y) =
∂2
∂x2
{
1
x
f(x, y)
}
=
∞∑
n=3
(−1)n−1
2n
n∑
m=0
n!
(n−m)!m!x
2n−m−3(−y)m
=
∞∑
n=3
(−1)n−1
2n
1
x3
(x2 − xy)n
=
1
2x3
{
log
(
1 + x2 − xy
)
− x2 + xy + 1
2
(
x2 − xy
)2}
. (C.3)
Integrating two times with respect to x, we obtain the following result:
f(x, y) = x
∫ x
0
du
∫ u
0
dvh(v, y)
=
{
1
4
(
1− x2
)
− 1
4
xy +
1
8
x2y2
}
log
(
1 + x2 − xy
)
+
3
4
x2 +
1
24
x4 +
1
4
(
x− x3
)
y − 3
8
x2y2
− 1
4
√
4− y2
(
8x− 4x2y − 2xy2 + x2y3
)
arctan
(
2x
√
4− y2
4− 2xy
)
.
(C.4)
Using this expression, we can obtain the loop correction to the effective
potential by taking the vanishing limit of the mass scale z as
V loop = lim
z→0
1
(4π)2
{
−A
2
log
z2
µ2
+
B2
4
log
z2
µ2
+
AB
4
1
z2
− A
2
24
1
z4
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+z4f
(√
A
z2
,
B√
A
)}
=
1
(4π)2
{
1
8
(
2A− B2
)(
3− log A
µ4
)
− B
4
√
4A− B2 arccos
(
B
2
√
A
)}
.
(C.5)
Here, we assume B < 2
√
A for the present and use the formula: arctan(
√
1− w2/w) =
arccosw. The IR divergences at z = 0 indeed cancel out. This result can
be extended to the range of B > 2
√
A using the expression of the arccos
function: arccosw = i log(w +
√
w2 − 1) with w > 1. If we take the limit of
A→ 0, V loop reduces to B2{−3 + log(B2/µ4)}/8(4π)2.
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